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ABSfHAGf 


Pulse frequency modulated (PIM) control systems have found 
their applications in such diverse areas as neuron modelling, in- 
cremental servos, attitude control of space-crafts etc. A 
c<aaprehensive literature survey on various aspects of variable 
fre<»iency sampling has been done. The main part of the thesis 
consists in the design az^ construction of a sigma pulse frequency 
modulator and usii^ this modulator experimental studies have been 
done to examine stability properties of certain closed loop PM 
control systems. It has been experimentally verified that sigma 
pulse frequency modulator exhibits the particular property of 
firing over a certain thresdzold. Apart from the experimental 
work, bounds for asymptotic stability of the origin in the large 
are established using Lyapunov's direct method. Purthezmore, 

Popov's criterion has been applied to ^sure the absolute stability. 
A number of examples have been worked out in detail to illustrate 
the method and the results are compared with experimental values. 
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PlTLSl FHlQUMCr MOBULAflD COHIROIi STSTMS 

IHJRODgOflQB 

In recent years a subslass of nonlinear saapled-data 
ayateas namely pulse frequency modulated (PM) systems has 
attracted lot of attention by research workers. Besides the 
area of control systems, where Its application has certain 
advantages over pulse width modulated syat^s, Its Importance 
Is highlighted by the fact that the mathmsatloal modelling of 
neurtm networks results In a PPM system. In this chapter, the 
literature on this subject Is reviewed and attention Is 
focussed on some of the unsolved problems. In other chapters 
a speolal class of PM systems namely sigma pulse- frequency 
control systems has been considered and Is analysed from the 
view point of Its stability properties. 

This chapter Is classified Into the following seotions 

(1) Qeneralieed view of variable frequency sampling schaee 

(2) Motivation for study of PM systems (3) Classifications 
of PM systems (4) Methods of stability analysis and optimi- 
sation of PM control systems (3) Double schemes of modulation 
(6) Statistical approach and (7) Heoonetruotlon of continuous 
signal 8, 



1 .1 Generaliaed View of Variable Prequcnoy Sampling Soheme 


The atudy of sempled-data syatOT ia based on considering 
saiapllng as a process of pulse modulation. The samples of the 
signal can be modulated in many different ways. Among theaey 
the following four methods of sampling li^ve been inTestigated 
in the literature. (1) Pulse amplitude modulation (PAM), where 
samplee of the messege function are takma at a rate exceeding 
twice the highest fre<9iency preamt in the original signal and 
the output of the sampler ia usually thought of as a sequence 
of equally spaced, equal duration pulses whose amplitudes are 
proportional to the input of the sampler at the sampling 
instants. The duratl<»i of the pulse is considered negligible 
ocmipared to the ffioallest time constant of the system, henoe the 
outputs may be approximated mathematically as impulses. (2) Pulse 
width modulation (PUM), where the output of the sampler is a 
train of equally spaced, constant aaaplitude pulses whose 
indiYldual pulse duration Yarles as a function of the input to 
the sampler at the sampling Instants. (5) Pulse position 
modulation (PPM), where positions of the pulses relatire to 
regularly spaaed reference instants are modulated by tbe messege 
samples. (4) Pulse frequen<^ modulaticm (PM), where the output 
of the sampler is a train of asynchronous pulses. The instanta- 
neous frequency of tbe pulses depends in some way on the input 
signal. This is essentially a rariable frequency operation. 

PAM la a linear process and aysitns haring such sampling 
schemes hare hmm studied extensiYely in the literature as linear 



sastpled-data (dlsorate tima) systems. Him sasipXlBg freC|uenoy 
which is fixed a-prlori can be constant or periodically tiae 
varying. FfM and WM are however inherently nonlinear proces- 
ses. control systems, FIM syst^is have also been studied 
although [PBf scheme of modulation does not appear to have bem 
studied. In all these schemes however the sampling pattern is 
fixed and is external to the system. In FBI, the instantaneous 
frec&t^cy depends on some function of a vaxd.able of the system, 
this is the point of departure from oonventicnaX sampled-data 
syst^. This is a nonlinear and variable frequency operation. 

Frlmarlly, all of the systems whioh had be^ investigated 
up to the year 1957 were those with a constant sampling frequency. 
In t958, Hufnagel C 1 1 introduced a procedure for the analysis of 
«yolio-rate (periodically time varying) aemtpled-data systems, 
fhis^^thod was based on the modified Z-tr^sform. The same 
system was discussed by ^ury and Mullln 3 Iwith the approach 
of differ mass equations, rather than the modified Z-transffzm 
as the starting point. Corf, Farren and Phillips [ 4 1 considered 
sampling to be more efficient «hen similar output oharaot eristic 
is obtained with fewer smsples for a given observaticm interval 
end they discussed about a sempler whose sampling period is 
controlled by the absolute value of the first derivatlvB of the 
error signil. In fact this approach of information processing 
la similar to the bai^width saving techniques in television 
where the scan-speed is controlled so as to scan swilf:^ over 
areas of uniform tone and more slowly over areas of much tonal 
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discontinuity. The real importance of the variable frequency 
sampling was felt as a more efficient use of the computer in 
timesharing the machine betwe^ several control taaks^ This 
was discussed by Will U 5 ]* The idea of increasing sampling 
efficiency using variable frequency was further discuss^ by 
Oupta C 6,7 3 and quite recently by Cisoato and Marian! [113. 

The literature in the PM control systems till 1963 
was scattered and did not coiaider the analysis of such systems 
from a generalised point of view. Since thmc, however, there 
has been a number of papers which have ocHasidered the problem in 
greater detail. The Interest seems to be have been generated by 
the application of ?fl systems in such diverse areas as neuron 
modelling, incremental servos, attitude stabllizati<m etc* In 
the dis«iu salon that follows, the varicms aspects of PM control 
systeias are discussed in detail. 

1 .2 Motivaticm for Study of PM Systems 

It has beim observed through experiments that whmc a 
stimulation is exerted upon the sensoiy organs, some form of 
energy absorptlcaa or transduction will occur, a signal is 
generated at the axon of the neurons and it is transmitted 
along nerve-fibre linking it to some reflex-centre where 
decision is made and control effort is issued in response to 
this stimulation. The neural signal in a single nerve-fibre 
is a train of asys^ohronous pulses of approximately identical 
shape. But its instantaneous frequency depends upon the 
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strength of the stimulus. So PM signal is believed to exist 
in neural communication networks of phjrsiologioal systems. There 
are hundreds and thcnrsands of nerve^fibres in the body of animals 
and human-beings. Signals carried by these fibres are pulse 
frecjuenoy modulated. Hence the study of PM in a single nerve- 
fibre ccaastitutes a very drastic abstraction of the physiological 
case. It is for this reason that neuron-modelling) analysis of 
neural-network etc. have received great attention during past 
ten years by several persons namely Hodgkin aad Huksley 1121) 
Harmtmt131f QrOldstcin t.141f Jones 11153) Hilta L163, Jury and 
Pavlidis C 1 7 3) Pavlidia C 181) Caumon C191) Lybinskii and 
PoziwC203, Blanchard C1211) Pavlidis C22], Jury and Blanchard [1231) 
Pavlidis [24 3 etc. Further research in this domain of neuro- 
physiology can be oriented in two different directions) as a 
combined effort of bioengineers and physiologists. (1) Analysis 
of the neural-network is Quite involved, mainly because of time 
varying threshold mad lacdc of accurate modelling. So accurate 
models can be developed based on experimental ob8ervati<»is. 
Investigation of neural properties as a function of different 
parameters such as temperature etc. will particularly facilitate 
in its more accurate amlysls. (2) Optimal models can be defined 
with respect to certain performance criteria oorrespOEuiii^ to 
certain behaviour of the neurtm to be studied. Such a study 
will add to the knowledge of adaptive behaviour data handling 
and i^e process of transforming information. 
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further applications of PM lie in the uses of adaptiw 
control C251» attitude control of spec® crafts and inor^ental 
serro sQratfflBS [ 26, 27 f 281, 

1.3 GlasBifloatlons of PM Systems 

We shall first define a g^eralised pulse fre<juenoy 
modulator (OPIM)* A 0PM can be defined as a syst^ which 
operates on piecewise continuous inputs and renders a se^luenoe 
of asynohrcmous pulses having a certain shape but different 
signs depending (nai input signals, fhe time duration between 
two adjacent pulses is the carrier of information. In addition, 
the shape of the pulse also can carry infozmation. Let us donfine 
ourselves to the situation where the shape of the pulse is fixed 
a-priori. ?he instantanecnis frequency of the pulse appearance 
depends in some way on the error signal. Depending upon the 
manner in vdiioh the frequency is computed by the systes, we can 
hare basically two different schmses of PM. 

1) PM ^sterns of the first type or discrete PM (DPM) - 
In this, the pulse train frequency is some funoticn of the values 
of the error signal at discrete instants of time. 

2) PPM systems of the ssccaid type (or sigma PM (tPM)) - 
Hers, the pulse train frequency depends upcm some functional of 
the error signal, defined on the interval between pulses. 

1 .4 Methods of Stability Analysis and Optimizaticp of PM Control 
gystmse 

To the author* 8 knowledge, the earliest shidy of pulse 
frequacoy modulation was done by Hoss [.29 3 in 1949* In 1957, 
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Khurgin C30 1 oonsldered a more general dess of eyatema operating 
on randoi inputs and rendering a set of randoa impulses, fhe 
ifflportanoe of this scheme of modulation was underlined bj a number 
of researoh^s namely Harmon CtjH# Goldstein C.14 3, Jones C.15 3, 
Hilts Ct6 land others in proTiding the model for neurons. M ^32 It 
Meyer L 33 3f Jones and Pinter C34 3 developed more aocurate models 
of PPM schemes. 14. considered a particular class of modulator 
known as integral pulse fre(|uenoy modulator (IPHi) idilch had been 
defined as a derioe which waits an impulse whwaever the absolute 
value of the integral of its Input reaches a certain threshold 
level and thwi it resets the int^ral to zero. Li 1132 land 
Meyer C 33 1 introduced the ocmc^pt of equilibrium in XPIM as one 
where pulses are emitted in fixed pattern, since in this case 
firing of pulses does not stop. They also discussed the property 
of "limit annulus” with inner and outer boundary of oscillations* 
Later (m, thla work was supported b^ a numbef of people working 
in this area C3l#36, 37, 39,42]. In 1964, Pavlidis U33 1 oonsidered 
a special class of modulation known as neuron pulse frequ^cy 
modulator (IPPM) (also known as relaxation pulse frequency 
modulator BHW) and proposed a quadratic Lyapunov function 

for investigating the stability of origin as the equilibrium point. 
He also discussed the stability of an equilibrium region. 

Parlldls and Jury C40 3 proposed a very gwieral scheme of 
modulation referred as sigma pulse frequency modulation. Hers, 
the error sl@aal is fed to a hi^er order low-pass (nonlinear and 
time-varying) filter and the emission of a pulse occurs when the 
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output reaches a certain threshold level. The analysis of this 
class of system is very difficult and it is far from solved. How- 
ever, the oases where the filters are of first order (linear and 
time-invariant) are amenable to analytical investigation. In 
fact this particular case of £PIK is the same as previously 
discussed HPUf. This special class ofiPfM has ii^roved stability 
and it can be easily realisable as compared to previcmsly discussed 
IPIM. like few other nonlinear systems exhibits •ttie pheno- 

menon of 'limit enmilus*. Pavlidis and <Iury 1140 1 developed a 
special cuasi-d escribing function analysis for study of 
sustained oscillations in They also discussed about the 

irregular oscillations, showiz^ the randomness of iPPH output. 

As a more generalisation to his earlier works, Pavlidis 1145 1 
introduced the ccnoept of discontinuicms dynamical systems. He 
extended lyepunov's direct method for the stability investigation 
by choosing a positive definite funotion which is constant or 
decreasing along the trajectory during no pulse emission and 
decreasing pulses are emitted. Quite recently, P8vlidiBC461 

gave a very syetmaiatio method for finding Liapunov function based 
on the differential equaticais containing impulses. It is impor- 
tant to note that fre<}uenoy domain approach for absolute stabili'^ 
of ^PPM using Popov's oritericm has beai considered quite recently 
by Lymkov C 54 H. Byakov 1155 lalso extended the harmonic balsnce 
method for studying sustained oaoillations of IFIM by considering 
a sinusoidal input to the noxU.inearity. This yet remains to be 
solved for a more general olass of problem i.e. ^PPM. 
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ffh® of PM considered till now belong to the PM 

soheiies of seoond t;ype. In 1966, Clark end loges r43 1 examined 
a class of WM ayatm in which the tine duration betwe^ two 
adjso^t pulses lea function of the error at serapling instants. 
This is, in fact, a PM system of the first type. They proved 
that PM systems of the type considered can not be asymptotically 
stable at the origin. Hence the origin is an unstable point. 
However, system is stable outside of a small region enclosing the 
origin. So the concepts of legrange-st ability were introduced. 
Beyond a oertain sector, this class of PM also exhibits the 
phmomenon of llmlt-annulus and irreguler oscillations like 
^PM. In faot this discrete FM poses more stability problems 
rather than ^PM for which origin is globally stable within a 
certain sector. Kuntsevioh and Chekhovol C90 J also discussed 
the stability of this discrete PM. They ocaiBidered a Liapunov 
function in the form of a positive definite Hemite <}uadratic 
fozm for ensuring a sufficient condition for absolute stability 
of the set of equilibrium positions of a system with a stable 
or neutral continuous linear portion and pulse frequency 
modulator with a refractozy zone. As a more general approach, 
Chekhovoi C53 I examined the nonlinear pulse systems with arbl- 
traiy single valued ncmlinearities and arbitrary modulation 
law (PAM, PM or PM) and Introduced the gmeral notion of 
ultimate boundedness ftm such systems. 

Heoently a nimiber of papers have appeared discussing 
more fin^ aspects of PM control. Jury cood Blanchard L47 H 
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gave a lionllnear discrete eQuivalent for IPBI system and examined 
Its stability by dtirlslng a step by step procedure for the ocmso 
truotion of state trajectories. They sho^d this class of system 
exhibits instability, asymptotic stability in the large end 
IfSgrange stability, fhe results were obtained for the plants 
haTing no seros in their treaasfer functions, however, they can 
be extended to more general plants. Bonllnear discrete equivalent 
for has not yet be^ solved. Analysis of systems where 

tlwe filters are of higher order, nonlinear and time-varying has 
not been attempted so far. Also a more accurate analysis in 
finding the inner «uad outran bounary of limit annulus exhibited 
by IPlIt, and DPW is ne«ied. 

Optimisation with FM Systemi In 1966, Oorf md MangC56 3 
ecxisidered a time optimal problem for the ccmtrol of step motor 
with controlling pulses from the <xitput of a pulse frequency 
modulator. Favlidia C 57 lalso dealt with this problem, fill 
this time, the problem did not attract much attenticai from 
many, since the maxlBUm pzlnoiple of Fontryagin was not appli- 
cable for this olass of systmo. In 1967, Qnysho and IogesI158 3 
presented a modified Fontrayagin's maximum principle to determine 
the optimal polarity and positicais of the pulses which make up 
the control function. However* this is applicable only for the 
open-loop systems. Farther work is needed to apply optimization 
techniques to closed loop systems. 

1 *5 PcBible Schemes of Modulation 

Oontrollers with FM operate more effectively under 
ccsaditions of small variations of the controlled variable, 
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while PIM operates more effectively under conditions of large 
variations. So with this in mind, Kuntsevioh and Chekhovoi 1^60 3 
considered a double scheme of modulation (PIM and PM) and they 
investigated the stability of such systems on the basis of the 
discrete analog of a theorem of IiSoSalle. The method may also 
be used for the special cases as PM alone and PIM alone. 

Because of the generality and Inhermt advantages, this class 
of modulatitm has become a topic of recent interest. It should 
be noted that under this double scheme of modulatlcm, we can 
have three possible schemes (1) PIM and IPIM (2) PWM and iPM 
and (3) PWM and PPM. Kuntsevlch and Chekhovoi considered the 
third type of scheme. Other two combinations are also of equal 
interest. They can be taken as future research problems, flw 
optimization techniques for all these syst^s may also fi);id 
their application in future. In fact the idea of double aoh^ne 
of modulation with PiUi and PM (also known as delta module* 
tion [11591 ) was thought a few years back. The optimizatioaa for 
this double modulation (PAM and PIM) has quite recently been 
investigated C613. 

1 .6 Statistical Approach 

If we consider an IPM with deterministic input and 
fixed threshold, the output is a known sequence of asynohronomi 
pulses. If we consider a general PIM system with higher order, 
nonlinear, time varying filter, the output of the modulator is 
a sequence of randoa pulses even with the known inputs* So in 
these oases, one has to worzy about the knowledge of the 




statistics of (tjj)f th® Tm^om point process whose variates 
represent the sampling time, fhe occurence of a random pulse- 
train has been observed in various other situations. In the 
study of vacuum tubes, one encounters the shot-noise process 
defined as y(t) * Z. h(t - t^^) where the firing times t 
constitute a poisson point process. Similarly Barkenhouse 
noise which occurs during the megnetisetion of a ferromagnetic 
material can also be described by a random train of pulses. 

So to include such syst^s, it is quite natural to study a 
general class of probl®® where we have a system which operates 
on randcsD inputs and yields randomly spaced pulses. This t^e 
of problem is really difficult and tedious to study. 

Leneman 67, 66 3 considered a random process consisting 

of Infinite immber of pulses occuring at random times with 
rend ora intensities. Be evaluated the first order and second 
order statistical properties of impulse processes. Such 
problems were also studied by Gupta and Jury C633, lee C623, 
Beutler C67 letc. 

In general, Pllf presents a high degree of noise- immunity. 
But we do not know th® degree of noise-immunity in a very 
quantitative sense. In 1967, Hutchinson and Ghon C71 3 found the 
statistioal properties of the output y(t) of the modulator when 
the input x(t) to the modulator is a Gaussian White noise 
process. They also discussed the effect of parameters of PIM 
systems on the noise. Frobl^a for extending these results for 
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different type® of noise e.g, non-White Oausaian, non-Oaussioni 
signal plus noise input etc. can be taken as future research 
problems. 

It should be noted that output of the PfM systems 
indicates random-oscillatory-pattera. So a certain relation 
can be found betwe^ a random process and the output of a PM 
system* This problem was indicated by Pavlidis and Jury in 
their paper C403* The relation between random process and out- 
put of some nonlinear discrete systems was, earlier, discussed 
in detail by H.K. Kalman L763. 

1.7 Reconstruction of Gontinuoua Sli^ala 

One of the most important problems in aampled-data is 
to reconstruot a continuous signal from its samples. The 
optimum recoTery of a continuous signal from unequally spaced 
samples appearing at the output of a pulse frequency modulator 
is an i]iq}ortant problem, leoently papers have appeared on the 
problem of reconstructing a coctinuous signal from the ssmipl^ 
taken at periodically non-uniformly spaced interval8[72,73»74,75l]* 
The optimum mean square error time varying reconstructi(ai filter 
in the presence of jitter for the periodically varying sampling 
rate has been determined by B.liiu and Franaszek C743< 

1*8 Otmclusiona 

In this chapter a survey of literature on almost all the 
aspects of pulse-frequency modulation has been attempted. A number 
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of research probl«sie are atlll open In this area. With this* 
It ia belieYed that a new buret of research aotlYitlee in the 
challooging field of m oontrol aystein will be aaterialised. 


/ 
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CHAPTER «» 2 

A CIRCUIT UESIGH POR A SIGMA PULSE PREQUEHCY MOBULATtH 

IHTROPUGTIOH 

In the previous chapter a general pul8e<-frequenoy-niodulator 
has been defined as a nonlinear operator which operates on pieoe» 
wise continuous inputs end renders a train of pulses with the 
following properties (1) The shape of the pulses is fixed a-priori. 
In many applications whai the shape is of no importance, P^Ct) a 
function of time describing the pulse-shape can be regarded as 
an impulse function (2) The pulses are numbered by an integer 
n ( n> 1). The nth pulse is completely characterised by its 
emissic«i time t„ and sign ^ ® +1 )• 

Pig. 1(a) shows a block diagram of general PPM, Pig. 1(b) 

and Pig. 1(c) show the input and the output patterns of the block. 

The time duration between two adjacent pulses T^ depends on the 

error signal either at the sampling instant t^ or during the 

interval between two pulses. When it depends upon the magnitude 

of the error at discrete instant t^^, we have the scheme as PPM 

of the first ^pe or discrete PM. We consider PM of tt» 

second type where time between adjacent pulses depends upon the 

error signal during the interval between these adjacent pulses. 

This is called sigma PM. 

If T • t - - t 
Wl n 

1 ) T^ » ^(^ta) PM of the first type (discrete PM) 
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2) 3?^ » g(x(t)) of tile second type 

(Sigma PM). 

Discussion is confined to eigma PM modulators in this 
chapter. First, the equivalent circuit of ^PM is explained 
then, a design of £PM with its extensions and limitations is 
discussed. 

2*1 Bqui valent Olrcuit of fPFM £41.45.341 

Fig. 2 explains the equivalent circuit of SFM. 

Here, x(t) is the input (usually error signal) to the modulator, 
a is the feedback constant, 
r is the threshold level (which is constant), 
p(t) is the output of the integrator, 

]a(t} is the output of the modulator* 

Integrator (transfer function *» ~) with a in the negative feed- 
back loop around it is equivalent to a first order low pass 
filter. The transfer functitm of this filter » So the 

modulation process can be described as simply passing the input 
through a low pass filter and then sensing when the output of 
the filter p(t) reaches the threshold ^ r. When p(t) reaches 
the threshold the output m(t) is an impulse function and the 
integratcnr is immediately reset to zero and the process begins 
again, fhe sign of the output pulse is determined by the sign 
of p(t). Ma thematic ally this process can be described by a set 
of equations 

^(t) » -ap(t) + x(t) - r<r( ipi - r) (2.1.1) 
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m(t) a Sgn(p) S ( 1P\ - r) (2.1/2) 

It should be noted that there are two parameters of this modula- 
tion process. 

1) Threshold constant, r 

2) Feedback constant, a 

A rery special case is when a « o, this define Integral Pulse 
Frequency Modulator (IPIM). 



Consider the circuit shown in Fig.3* 
The transfer function of the H-G circuit « 




How consider an error signal x(t). See Pig. 3(e). p(t) la 
the filter output which is the input to the unijunction translator 
(CJT). TUT breaks at a certain positire potential (threshold 

■ f 

level r). Yp depends upon the UJT supply and resistances 
and aod interbase resistance. So for a fixed setting of 
Ig* and a particular transistor, the peak voltage Tp or 
threshold r is a fixed quantity. Hence, whenever p(t) reaches 
the level r, capacitor d discharges through B^, a triggering 
signal at can be observed. Blschaz^ing time constant oan be 
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Qhomm amall cc^pared to the oharglag tlse ooxtstant. 7hia 

procees repeat® again. 5 q “ttie output ®(t) will he a seQuenoe of 
■triggers as shown in fig,3(o). Fig. 3(b) is ®<»AlTal©nt to the 
oirouit shown in the Fig, 4- This oirouit aohieves ^FIH type of 
aoduiation for an error signal which is always poaitive. 

It sthoulh be noted at this point that cmtput at the base 
B| requires shaping by a suitably designed nenostabltf if these 
pulses have to oontrol some physloal plant. 

How, oonsider a signal x(t) which Tsries ell the wey from 
pofiitlTe to negatire. See fig. 1(b), Since, OTf fires only for 
posit Its threshold, we have to go for two mioh channels so as to 
get a sequimoe of positive and negative pulses in response to 
alternating error inpu^. Whoever a pulse ooours in any of the 
channels, both the oapaoltozs are reset to aero. See Flg.5. This 
la essential in order to achieve the required schsse of modulation. 
It should be noted that both the ohannels should breab at the smte 
threshold. mxtput from both the shaping elcmaats should have 

the sgffiie area. pulse area will simply contribute to the linear 

gain of the plant, fig. 5 is equivalent to fig.b and Fig. 7. a at^ 
r as defined earliat are the peraaetere of the process of aodulaticm. 

A designed circuit has been shown in fig.6. following points 
ray be noted. 

Instead of piohing the positive trigger at B| md directly 
Iving it to mcmostable for shaping, we pick up the trigger at 
see IB2 es&Si pass it through a oapaoitor and then invert it for 
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driving the PIP monostable. This is done so to improve the 
discharge of capacitor 0 by directly grounding of OJT. 

2) Inverters no. 2 and 3 can be eliminated by choosing BPl 
monostables and changing the discharge circuit accordingly. 

3) The height of the pulse depends upon the collector supply 

voltage and output impedance of the monostable. The duration 
of the pulse depends upon the values of end It can be 

shown that width of the pulse is approximately equal to 

0*69 HqOq* Hence by a suitable adjustmrait of C^, collector 
supply and R^i we can control the area of the pulse. 

4) The threshold r can be varied by changing and the resis- 
tance In base Bg. Mathematically, r » where Is 

the Interbase voltage which will depend upon B^ and resistances 
in UJT hasesf ^is the intrinsic standoff ratloj Vg is equivalent 
emitter diode voltage which is quite negligible. So rcrv^Y^, 
varies from 0.6 to 0.64 on an average. 

3) Parm a eter a can be decided by the choice of R and C. We have 
the relation a » -ssr • 



Consider Fig. 2. The filter transfer function is giv«a by 
— If we use a constant stimulus x^(i.e. x(t) » x_), we obtain 
the following equaticai for determining t^j, the filing interval, 
t 

p o —at 

0 « <5t * r (2.3. t) 

% ^ y 

( for IPW, substituting a « 0 , ^ ® xl^Z/dt «» r ) 

o 
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U ^ * 

rO -at 

*o J ® dt » r 

o 

-at_ 

or « a (1 - 

or t^ « - ^ iog^Cl - ~) (2.3.2) 

It can be Immediately noticed frcmi e qua ti on (2. 3. 2) that 
modulator will never fire if ar. fhis (ar) is also know 

as the input threshold or the rheobase of the modulator. 

If we conaider the filter with gain a i.e. we shall get 

£ 1 ^ 8 ) 

by a similar process 

t^ « - Log^d - (2.3.3) 

So condition for firing would be Xq> r. 

For a particular setting of ’a’ saad *r’i we can get the plot 
t^ vs. Xg. fhis plot is known as strength duration curve^ 
Fig.9(a) explains the method for determining the firing tii^ 
t^ for a given stimulus and threshold. Fig. 9(b) is a plot of 
strength duration curve (t^ vs. x^). For the stimulus above 
the threshold, firing occurs and for the stimulus below or 
equal to the threshold, firing does not occur. This particular 
property is one of the most important properties of sensory 
receptors. with constant threshold exhihlts this property. 

In fact, other properties such as gradient threshold snd adapta- 
tion are exhibited by with time varying thresholds, this 

has be^ disouased in detail by ^ury [[23l. 
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Experimental obaervationa tor detezmining strength duration ourves 
Practical values chosen, R * 100 K, c « 10 /-^f, 

Pulse height » 10 volts. Pulse duration » 0.1 sec. 

Threshold r « 6 volts. 


Table 1 


*0 ^ j 

volts 1 

experimentally observed 
firing time t^ 
in seconds 

theoretical t^ in 

V - ?■»*,<'- i-) 

8 

1.2 

1.38 

10 

0.8 

0.92 

12 

0.5 

0.693 

14 

0.4 

0.615 

18 

0.26 

0,4 

22 

0.2 

0.314 

50 

0.15 

0.223 

40 

0.1 

0.148 


At a particular stimulus x^ et^ual to 8 volte, records of x(t), 

Bsa.^ ^2^^^ were taken. See Pig. 10. The graph of 
stimulus strength versus firing tixi» i.e. strength duration curve 
was drawn. See fig.11. 

2.4 Circuit Respcmse to a Sinusoidal Input 

A low frequmcj sinusoidal signal was fed into teie modu* 
latoPn The z*e8ponse is dependent up<m the threshold end the 
level of input emiplltude. A record was taken for x(t), ffi(t). 
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with the following specif ioations. See Fig. 12. 

Pulse height « 10 volts, Pulse duration w 0. 1 seo. 

Threshold » 6 volts. Amplitude of sinusoidal error *12 vcOLts, 
frequency of error input » 1 radian/sec. 

The response m(t) shows two pulses per half period. We get a 
sequ^ce of positive and negative pulses in response to an altex^ 
nating input. It may he noted that lowering the threi^old and 
increasing the amplitude level increases the number of pulses per 
half period. The circuit respcmse is dependent upon the fredu^oy 
of the input signals. 

2.5 Gonolusiona 

The circuit as given repres^ts a general oircuit for 
sigma p\U.se frequency modulator frt^ the following considerations. 

1 ) This rssp<md8 to all types of our error signals, positive, 
negative and alternating. However, this is responsive only to l<»r 
frequency signals. 2) The meme circuit can be extended to Integral 
Pulse frequency Modulator adiere It is quite large such that the 
filter transfer function is . Increasing the BC arbitrarily 
large re&Rilts in marked attenuation of the signal. However, this 
can be overceme by putting an amplifier with a gain of 1C before 
the filter. 

Jn the next two chapters stability of pulse frequency 
modulated ccmtrol system using this schras of PfM is discussed 
experlm€a3 tally as well as theoretically. 





cfe. 'Dltg'i'a": 'pf a^f' '|.•asc, P.?fiqu®B'Cy 'mod'u-iator 
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output mCt) 




Eqiiivaleirit ■^elrcait:' .of" fig.. 31 b) 


























eurre 








CHAPTER -» 3 


LYAPOHOV»S DIEBOT MltfHOl) APPLIBD TO ^PIM fEEBBACK SYSTMS 
IHTROroOfKM 

i. 

Thla chapter deala with the application of Jjyaptmov’a 
direct method to feedback sya terns. A quadratic type of 

I^apunoT faction was considered by Pavlidia ^381 • Here, 
simplified conditiona for finding the bounds on stebiliV sector 
are obtained and a few examples are worked in detail to illustrate 
the method. 

3.1 Description of System [38,40,451 

Oonsider a unity feedback syst^ with input u and output y. 
Sigma pulse fre(penoy modulator is used as a controller. The 
block diagram is shown in Pig. 13. The state equations of tixis 
system may be written as 



i « A X 4 b m(t) 

(3.1.1) 

and 

^ - g(p) - - r sgn(p) <S'( ipi- r) 

(3.1.2) 

where 

m(t) » 8gn(p) Si (p(- r) 

« 

(3.1.3) 

and 

T 

£ X a* y - u 

(3.1.4) 


where the first equaticm represents the ccntrolXed pltmt, the 
second <me the modulator, x is a n~dimmisional state Tsctor} 

4 is matrixi b and £ are n Yeotors; r is the threshold for 
the modulatojri p is the output of the filter in the modulator 



g(p) is a nondecreasing continuous odd function of p. We 
shall confine ourselyes to the case where g(p) * ap, where a is 
the pole of the filter transfer function in the aodulator. In 
the literature this iPBf is also referred to as Neural PM or 
Relaxation PM. 

5 *2 Ooncept of Equillhriuit £58»40l 

In the case of ^PMf the equilibrium has been defined as 
the conditicm where x » o and f) ia o and no firing occurs i.e. 
final solution shoiild satisfy the equations 

4. i * £ \ 

■"6(p)**£X*oy (3.2,1) 

IPl < r J 

fhe set of equations (3.2.1) may hare a number of solutions. 

Let the regicm containing these equilibrium points be denoted 
by a region E in the state space. A special case of the 
equilibrium region R is the origin in the state space, for the 
exi stance of such an equilibrium region R following theorem has 
been stated by Pavlidis and Jury 

fheorem 1 

A PM unity feedback system with a linear plant having 
transfer function ®(s) and a gain element K (see Pig. 13) has an 
equilibrium posititm for all values of input and any initial 
conditiGWf defined by no pulse firing, constant output and 
constant value of p(t) if and only if the limit for s-^o of 
80.(8) exists, it is different than zero and satisfies the 



( 3 . 2 . 2 ) 


inequality 2g(r) > K limit 8a(8) 

8 ->0 

It should be noted that existence of nonzero limit of 
s6(s) whffli 8-^0 means that G(s) has one pole at the Origin and 
all its other poles haTe negative real parts. 

After assuring the existence of equilibrium point or 
region, one has to worry about the stability of the point or 
region. In the discussion that follows, we are considering 
asymptotic stability of the origin in the large since ASIL of 
the origin is one of the most important topics of interest in 
the theory of stability, fhe stability of the equilibrium region 
in state space for this class of system has recently been dis- 
cussed by Pavlidis ZA5tA6], 

5.3 IiyapunoT*B Plrect Method Applied to 

Before obtaining the sufficl^t conditions for asymptotic 
stability of the origin in the large for sigma PFK systems, soow 
important definlticaiB of stability and lyapunov’s main theorem 
are quickly reviewed [771. 

Definition 1 

An equilibrium state x^ of the system x « f(x,t) is said 
to be stable if for each real number f > o there is a real numbe r 
e , tg) > o such that the inequality 

implies 

\\#(tf Xq, tg) - Xgl\ <e for t^t^ (initial time) 
where x_ is the initial state at time t^. 




Definition 2 


An equilibrium state x of the system x == f(x,t) is said 

“'"fj 

to be asymptotically stable if 1) it is stable 2) every solution 

y\so.r 

starting at a state sufficiently ^ converges to x as t inc- 
reasea indefinitely. 

Definition 5 

An equilibrium state x^ of the systasi i = f(xtt) is said 

■"'*V 

to be asymptotically stable in the large (ASIL) if it satisfies 
definition 2 for any initial arbitrarily large state x_. 

The stability with which we are interested is the asymp- 
totic stability in the large. This for an autoncsBOus system, 
physically means that for any initial large disturbance, system 
comes back to the origin as time increases indefinitely. Lyapunov* 
theorem gives sufficient conditions for the stability of such 
systems. 

Theorea 2 

If there exists in the whole state space a function V(x,t) 
for the system defined by x * f(x, t) with f(o,t) * o for all t, 
with the following properties 

1) V(x,t) is a scalar function* 

2) y(o,t) . o- 

3) ?(x,t) is a continuous function having oontlmioua first 
partial, derivatives with respect to Its arguments in some 
region about the equilibrium state. 





V(xit) is a positive definite function. 

5) It has a total derivative i.e. t{Xft) which when takes along 
the trajectory is negative definite. 

6) V(x,t)-^oo as X 00 . 

th®i, the equilibrium state of the system (£) is asymptotically 
stable in the large. 

How we shall apply lyapunov* a theorem for asymptotio 
stability of the origin in the large for sigma pulse frequency 
modulated control systems. Pavlidis [383 omsidered a quadratic 
type of lyapunov fimotion. Following treatment is based on this. 


Consider the system description as given in Section 3«1* 
Rewriting equaticma (5.1.1) and (3.1.2), 


i * 4 i sg^i(P) ‘^ ( ^P\ - 3r) 
p a - ap ~ c^ X - r sgn(p) ^ ( I PI - r) 


Considering an augmented state vector z > 

a scalar function (lyapunov function) ? » 
positive definite (n+l)x(n+1) matrix. 


, we choose 


J(n+1) 


z P z where P is a 


P « 



Q is nxn positive definite matrix and 
£ is an n vector. 


So Y « [p X®] 

[1 a*- 




a 3 

u 


X 

- 


- / a 1 + P^ 2p / X 



Then we find V 


V »2x'^Qi+2pp + 2p^^x 


T 


m{t) + 2 p(-a p - ^ 3m(t)) 

‘^■^PS 4i'^2p £^Jbi ia(t) ■♦- 2 £^£(- a p - c^x - r iB(t)) 

- -2(Y^ + Vg^Clpl . r)) 


where 


A - £ o-^) X + p(c® - £^ A ) X + a p £^x + a p^ <3.3.1) 


m 


and 


.T 


^2 * 1 “ r £) sgn(p) + P (r - £^ b) 


OOTi be written as 


L” 1 l) i + P(£^ - A 4 a j|^^) x+a p 


(3.3.2) 


T T 2 

i-A-X+2pf X4pa 


[P X ] 


® t, 

** s Hz 


fa . f^1 


■p" 

#«« 



f : -6- - 


i. 


where * £ £ “ S A 

IP IP ffl If! 

2 f - <£ - £ A 4 a £^) 


H 


f- 
> • • 


(3.3.3) 

(3.3.4) 

(3.3.5) 


Theorem 3 [38*453 

The origin (proTided it exiata) of the system described by 
equations (3.1.1) and (3.1.2) is ASIIi if the Y-funotlon (posittve 



definite soalar function) is constant or decreasing along the 

trajectory of the system when no pulses are fired and decreasing 

during pulse emission, 
or 

The origin (provided it satisfies theorem 1) of the systaa 
described by equations (3.1.1) and (3.1.2) is ASIL if the matrix 
H defined by eqn.(3.3.5) is semi-positive definite and Yg defined 
by equation (3.3*2) is a positive definite function during the 
pulse emission period (i.e. when |p\ « r). 

3.4 Exeomples 

We shall work out a few examples to illustrate the method 
and results will be compared to that of Popov's me-yiod and analog 
simulation in the next chapter. The first example is also consi- 
dered by Pavlidis [38 J. 

Example 1 

Consider a plant K G(s) » ~ 

U»0» JB*»1, AwO, ^asK 

To satisj^ condition (3.2.2) » 


2 a r > K limit s x 
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and -A. 


v£ - 1 A + a ^ ) 
c® - Q A) 


from (3.3.4) 
from (3.3.3) 


on aubatltuting the values of and A 
t m 1(1 + a q) } _A. » q 


Henoe, H m 


1(1 + a q)' 


f(1 + a q) 


yor H to be semi-positive definite 


a > o (3.4.2) 

and (a q - i(1 -i- a q)^ ) > o (3.4.3) 

Equation (3.4.3) can be eatisfied only when q * t 
N ow consider Vg during pulse emiesicm 

''^2 “ ^ £) sgn(p) + Ipl (r - ^ 

after substituting the values of q, |pi , we have 

Yg * “x(Q f ) ss*i(p) + - q K) 

« 3c( J - Q K) agn(p) + r(r - | ) 

Now, we will prove that x sgn(p) < o or more generally p x< o 
for Ipl » r. By multiplying both sides of ecjuation (3.1.2) with 
p and rearranging the terms will obtain 

P X • -(a + p r \pi <r( |p| - r) ) 



From the elmoientary definition of a modtilator [3S] it is easy to 
show that p ^ > o when Ip) * r ~tfor ^ sufficiently small. 

Other terms in the hraoket are obviously greater than zero. Hence 
p £ X 4o« 

Hence for Vg positive definite, 

(f-QK)<:o and {r-|)>o 
lor this, gain X satisfies the conditions 

4 . K <ar . (5.4.4) 

Q can be chosen Infinitely large so that the lower bound on K 
becomes zero and hence K <a r. 

So PIM feedback ay&tem having a first order integral plant 
is stable (origin is ASIX<) for all gain less than a r. 



Consider a plant K 0(8) 



K 

8(S + 1) 




u ■ o, g(p) * a p, a > o 
To satisfy condition (5.2.2), 


2 a r > K limit rTT^TTx ®*' K < 2 a r 


How, assume £ « 



1 


■-i' 


53 




s 


(5.4.5) 



Sinoe 2 f^ 

f f 

“ (£ “ S i 

i + & £) from (3.3.4) 

So £ « 

^ 1 ♦ a q-, 

( 2 ' • 

C ** s ^2 ) 

2 

and _/v m 

a 0^ - £ A 

fros! (3.3.3) 


{Q2“Q|) 
^2 (Qa-Qx) 



1 


^ (V%> 

low, for H to b« ®^i-po8ltive definite 

a > o (3.4.6) 

(a «, - i(l ♦ a q,)* ) > o (3.4.7) 

and det. H ^ o (3*4.8) 


Condition (3.4.6) ia obriously satisfied as a > o, ocaaditian 

(3.4.7) om be satisfied <mly as equality and the possible ohoice 

of q. * ■“ and otmdition (3*4*8) gives 
I a 
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a 


t 


^ o , wher® t asKqg- ^ 4 ^ aQg) 

*2 

or (a( " ((V®3>‘ V>* » 


or (aqgCQ^-Qg)**' * tCQg-Q-,)- f ) ^ 0 


or ((Q,-Q2)(aq2~^^ * - | )) ^ « 


(5.4.9) 


It is possible to satisfy the condition (5*4.9) as inequality by 
the following choice of paraaeters. 


Q| and Q2 are positive numbers and > Q2 
t » 0 and ^2 o positive quantity, 
t » 0 gives 11(92 *" a ® ° 

^2^^ ®) • a 


or 


or 


*2 * a(l + a) 


(3.4.10) 


Since a > o, 92 is a positive number, 
low consider Tg during pulse «OTission, 


^2 ■ “ ^ 1) ®g»(P) lPl(^ • 


n*i *2! Ml *“ 


((r92 - 


8gn(p) + r(r - Kqg) 


« (r 9, - X (^) 8gn (p) -i* X2(r 92 * KQ^)sgn(p)4‘r(r-K92) 
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Substituting <1| » ^ end Qg « 1 

a(1+a5 

Vg « Xi( I - K Qg) 8gn(p) + XgC j - K Q^) sgn(p)+r(r- 

It lias he&a shown in the previous example that 
P £ S sgn(p) o 

Sfow we get following conditions to make strictlj positive 
duri£^ pulse emission 


( I - K Qj) < o 


a 




K 




(3.4.11) 

(3.4.12) 

(3.4.13) 


Condition (3.4.11) gives 




(3.4.14) 


This provides a lower bound on K equal to zero by a very large 
choice of Qg. 

Condition (3.4.12) gives 

®4 “ rTrsny (3.4.15) 


Since the choice of is an arbitrary positive number, it is 
always possible to satisfy (3.4.15). 

Condition (3.4.13) gives 


(r a(a+1) - K) > o 
or K a r(a+1 ) 

Condition (3.4.16) gives an upper bound on gain K. 


(3.4.16) 
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HenoSf finally wa get the aandltlon { 3*4. 16) with the following 
ohoioe of arbitrary parameters. 

^ " a(aV 1 ) * ^2 positiw and 

^1 > J is 8 positive number satisfying (3.4.15) and 

Qj » o so as to ensure positive definiteness of Q. 

itability seotor K is decided by the ocaiditions (3*4.5) and 
(3.4.16). 

For the case when a * 1 , we get K 4 2 r. 

3*5 Goncluslons 

Besides the origin as the equilibrium point, FBI feedback 
system has been observed to have a region of equilibrium points, 
say (j). . After initial disturbance system comes back to (j^ also 
known as aubthreshold region where ipl < r. Hence stability 
studies of equilibrium regicm (R is of equally great interest. 
Recently a few papers have appeared for such analysis by 
Favlldls C45,46]. 
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ABSOLUTE STABILITY OP iPPM SYST® THROJSH POPOV’S CRITERION 
IHTROBCQTIOBI 

The present chapter is devoted to the absolute stebilitp 
of sigma pulse frequenoj systems using Popov's method. A gener- 
alised Popov's criterion has been formulated to investigate the 
absolute stabilitj of principal and particular oases. In fact, 
this is an extensi<m of the work by Bymkov in his paper [543 f 
where he considered the principal cases by Idtie choice of q ■ o. 
The restriction on q has been modified to be q ^ o for inoludin| 
the particular cases. A nis&bcr of examples have be^ worked out 
for validating the approach. The results obtained from Popov's 
criterion are conservative compared to the experimental results. 
This is so because of the restriction on the parameter q and the 
inherent approximations. 

4.1 A Short Review of Popdv's Criterion for Absolute Stability 

Absolut# Stability I 

Let us ooneider the system 
X » A X + Jb y 

y B 0((r) (4.1.1) 

(T « £ X 

where x is a n-dimensionel state vector, A is a nxn matrix, b 
and £ are n-dimensional vectors, 0{6~) is a m<«toryles8 time- 
invariant B(Milinearity. The block diagi^ representation of 
(4.1.1) is shown in fig. 14(a). 9(s) is the linear part of the 
systtms. 



Re strict ions on nonlinearity 0(<r) s 

(i) 0i<r) is oontlnuoua; iZf(<r) m o for <r m o 

(ii) Consider o < 0icr) < k , denoted as sector [o,kl i.e. 0(f^) 

lies inside the first and third quadrants in the sector formed by 
the <r- aria and the line y » kr. See fig. 14(b). fhis type of 
sector is considered for the principal case when matrix A is Hurwitz 
i.e. all eigenvalues of Jk have negative real parts. 

(iii) Oonsider o < 0(<r) ^ k , denoted as sector (o,kl, for the 
simplest particular case when A has a zero eigenvalue of multipli~ 
oity one. 

Now, we shall define the absolute stability. If the origin 
of ^e systm described by (4.1.1) is asymptotically stable in the 
large for all nonlinearities satisfying the above stated restrictions 
we say that the system is absolutely stable. Certain theorems due to 
Popov are now reviewed for absolute stability. 

The ?.l. PopAv Theorem* 

for the system described by (4.1.1) to be absolutely stable 
in the sector COfkl for the principal case, in Ihe seotorC^jkl 
for the particular cases (where o is an arbitrarily msall number), 
it is sufficient that there exist a finite real number q such that 
for all w>o the following inequality is satisfied 

He(1 + jqw) a(jw) J > o 

and, additionally for the particular cases, that the conditions for 
stability in the limit be satisfied. 
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Gonditiona for Stability in the limit j 

For a particular case of (4.1.1) to be stable in the limit, 

It la necessary and suffioient that each root on the imaginary axis, 
^*0 ® real number) of its characteristic equation have a 

multiplicity Vq not greater than two, and that the following 
oMiditions be satisfiedi 


a) for w^ « o, * 1 1 

limit Im 0(jw) * - oo or la G*{o) < o where 
w-^-t-o 

G*(w) is the modified frequency function and is related to G(jw) 
by the equations He 0*(w) « Re G(jw) 

Im 6*(w) n w Im G(3w) 

b) for Wjj o, Y“q * 1j when w traverses the point going froB 
values of w < w^ to values of w > w^, the frequency response G(jw) 
(or G*(w)) goes to a point at infinity in saioh a way that points on 
the negative real axis with abscissas of arbitrarily large magnitude 
(i.e. , which are close to - oo ) remain to the left of it; 


c) for w^ * 0 , Yq * 2 s 

limit He G(4w) * - oo , and Im G(3w) < o for small values 
of w>o (or identioal conditions tor G*(3w) I 

d) for Wq / o, y^ » 2 t 


limit He G(3w) * limit He G(jw) - - oo 

w -5, W0-O W Wq+O 


and (o for w w < w 

Im G(3w) ® 

.0 fco* Wq< w 

(or identioal conditions forQ*(w)). 


(Xyo small) 
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fhe case k » od t 

1) fhe principal caae of the syetea (4.1.1) is absolutely 
stable in the sector Co,ao3 if 

He (1 4-Jqw) G(Jw)> o, 

for some <l > o and all w > o, and in addition 

limit 0(Jw) / o which is eduiyalent to the condition 

W^QD 

that difference of order of numerator and den<Mainetor of G(jw) is 
restricted to unity, i.e. n-m » 1 where n is the order of the 
dencMainetor, m is the order of niimerator. 

2) The simplest particular case of the system (4.1.1) is 
absolutely stable in the sector (o,aol if 

for some and all w>o, the weakened Popov condition 
Re (1 + ;jqw) Q(jw)> o, 

is satisfied and in addition, the condition for stability In 
the limit Im G*(o)< o, is satisfied. 

4.2 Popov Criterion Applied to Systems 

Consider the PBJ control system shown in Pig.15Ca). 

Wg(8) is the transfer function of the filter which characterises 
the kind of PF modulation, Y is the level which, when reached, 
initiates the return of the signal at the output of W^Cs) to zero, 
a » limit 8 IfiCs), x(t) is the error input to the modulator, 

S-^ oO " 

m(t) is the output of the modulator and y(t) is the output of the 

plmt. 
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It may be noted that Wg(s) * represents the filter 

for PUS? for IPBI, we have to consider W^Cs) of the form ^ . 

The nonlinearity 0(p) is a single-relay hysteresis nonlinearity. 
Further restrictions on 0(p) are as follows: 

i) The ourve 0(p) is single valued at the point p « o and 

a o when p « o } 

ii) There exists a r^ige of values p / o (jpi <r) for which 

0(p) » o i 

iii) The condition o < 0(p) < oo is satisfied 

P 

i.e. o < gljBl < 00 J 

p 

iv) The hysteresis characteristics 0(p) does not comply with the 

positiveness condition C801. The hysteresis functitaa satisfies 

the condition of positiveness if for any absolutely continuous 

funetiGn p(t) and 0. ^ l(p(o)) there exists a constant y>o 
t 

®ioh that r 0(pj 0 ) d p(t) > ~ 1' whan t > o. 

o “t " 

The condition of poaittveness physically means that the 
net area enclosed by the loop is positive. 

Fig. 15 has been reduced to the form Fig. 16. 

Wj^(8) » (G(s) 4. I ) WgCs) (4.2.1) 

Principal Case 54 : 

When Wj^(8} has all the poles in the left-hand half plane, 
then the systra shown in Fig. 16 is absolutely stable in the 
sector Co* a> 3 if 



and all w> o 


Re (1 4- jqw) Wj^(jw) > o for som« q >o 

And for tha oaaaa of hystaraals nonllneari'ti.es 'tlia't do not conply 
with the oondltlon of poeltlvenesa C803, q < o 
So consequently for 

Se(1 + jqw) Wj^(jw) > o to hold 
% « 0 

This gives le > o (4.2.2) 

Simplest Fartioular Oaset 

The simplest particular case of the systffia shown in Fig, 16 
is absolutely stable in the sector (o, ooHif for some q and all 
w > o, the weakened Popov condition 

Re(1 + jqw) Wj^(jw) > o, is satisfied and in addition, the 

# 

condition for stability in the limit Im Wj^(o) < o, is satisfied. 
And for the cases of hysteresis nonlinearities that do not comply 
with the oonditLon of positiveness, q o, hence for absolute 
stability of simplest particular case in the sector Co, oo3,caae 
must satisfy 

He(1 + jqw) Wj^(3w)>o for q <0 and all w>o and 

Im wWt (jw) o 
w-5»o 

4.3 Examples 
Ex. 1 J 

Consider S(o) » i K is the linear gain of the plant. 
WfiCs) ■ ® 


K -t- r(s4 l l . 
(e^l)^ 


For absolute stability, we have to satisiy the inequality 




Be Wj^(jw) > 0 

or 


H> ( .*■ yO i U ) > 0 



(^w +1)^ 

or 


K 4“ r - Kw^ + rw^ > o 

or 


K(1 - w^) + r(1 + w^) > o 

or 


K(w^ - 1) < 3^(1 + 

lor 

0 ^ 

n < 1, K > a negative quantity and 

for 

1 < 

w ^ ooji K< r hence. 

for 

all 

w > 0 , K < r 


So system is absolutely stable for all the gain strictly less than 
the threshold r i.e. origin is ASIL for ell K less than threshold 
for the nonlinearities in the sector [O, a>]. 

This example shows the application of the theorem given by 
Dymkov for the oases when Wj^(s) has all the poles in the left 

half plane. 


lx. 2s 


So 


Consider 0(8) » “ 

* (0(s) -I- |) 
s) has one pole at the 


simplest particular case. 


a / aK 4- rs % 

^ 8(8 ^ 

origin, hence this corresponds to 
So that the origin be ASIIi for the 


sector (o, m2 , we must satisfy 


52 


Jj® w Wt^Jw) 4 o (stability in the limit) 
w^o 


and 


now 


fie(1 4- jqw) Wj^(Jw)>o for q<o and all w>o 

(weakened Popov oondition) 


Wj^(3w) 


(aK •» .Irw) 
;3w(^w + a) 


2 2, 

I* Wr VJW/ w " Ur ^ 

w-?o 

w f a 

Since K>o, Hence, stability in the limit is satisfied. 


I)^w , )„ . a negative quantity 


low Se(1 + jqw) Wj^(jw) ^ o gives 
(r + aqK) - (Ka - qrw ) ^ o 
or r(1 + qw^) - aK(1 - q) ^ o 

or aK ^ for q<1 

here, restriction on q is that q^o. 

For maximum sector q « o gives 


for a « 1 , K < r 

Ex.3j 

■ iirnr ' 

V»>“ TT-r • 

»!.(•) • > ■ 

■ f i«l . (°K - ir®r) ♦ Jwr 

' jw(jw4-1 ) uw4^a) 


aK » rs(s4-1) 
s( s+1 ) "('s+a)' 



e negatiTe quantity since K>o, a>o 


Iffl w Wj^(4w) « - ~ « 

U) O 

hence, stability in the limit is satisfied. 


low for absolute stability 


le(1 -f ;jQw) Wj^(jw) > o for q4o and wpio 
This gives 

He (aK ~ w^r ~ qw^r) 4 .1w(r q(aK - w^r)) ^ 
jwQw +1) (;jw + a) "■ 

Tt o 2 2 

or (wr + wqaK - w^qr) (a-w ) - (aK-w r - qw r) (w + aw) > o 


for a = 1, we have 

r(1 + + qw^ + qw^) +K{q - qw^ - 2) > o 

Maximum sector occurs at q « o for w>o and K 

" max 


r 




Experimental Resultst 

In the last chapter, we applied Liapunov's direct 
method for finding the bounds on the stability sector, here 
Popov's criterion has been applied for determining the 
critical sector. ?or the sake of comparasion, an experi- 
ment by analog simulation was carried out. The Table 2 gives 
an idea about the stability sectors obtained by three methods. 



^able 2 


Threshold ! 

: t 

1 Plant ! 

Critical Stability Sector 

r 1 

1 Liapunov 

1 method 

» Popov's t Experimental 

( method • simulaticn 

I 

t.2 


1.2 

1.2 

3 

2.2 

t 

2.2 

2.2 

6 

3.0 

M 

3.0 

3.0 

7 

4.0 


4.0 

4.0 

9 

1.4 


2.8 

0.7 

4 

2.0 

K 

4.0 

1.0 

7 

% 

3.0 

s(8-fl ) 

6.0 

1.5 

8 

4.2 


8.4 

2.1 

10 


4.4 Conolnalona 

It is obvious that the results obtain ei froa Fopov's 
criterion are conservative. It is so because the ^oioe of 
alngle-relay-hysteresiB nonlinearity gives a severe restric- 
tion on the parameter q. Although, it is possible to get 
quite an improved sector by the choice of q^o, but then it 
seeks for the modification on the nonlinearity . 
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OOSOI.0SIOIfS 

Tfaert are several ways of implementing the circuit for 
sigma pulse fretjuenoy modulator. In this thesls» one such design 
has been implemented. This circuit makes use of two ohsaanels to 
respond to alternating error inputs. It is possible to have only 
one channel with the help of a device which breaks for both 
positive and negative thresholds. One of the important properties 
of the circuit has been studied in detail t i.e. the property of 
firing over a certain threshold. This is one of the main electri- 
cal properties of neurons as indicated by Jury and Blanchard r233* 
It is possible to study the other neural properties such as 
adaptation etc. by simulating a sigma pulse frequency modulator 
with a time varying threshold. 

The ma^jor part of this thesis has be^ ooncemed with 
examining the stability sectors for asymptotic stability of the 
origin in the large for certain closed— loop FM systems by three 
different methods namely 1) lyapunov’s direct method, 2) Popov’s 
method and 3) experimental siimilation. 

In lyapunov’s method, a quadratic type of ?- function 1381 
has been considered to find out the stability boundaries of 
certain 2:PB! feedback systems. The T-fuiwiti«a includes tlM 
actual systaa nonlinearity, without assuming any sector for the 
nonlinearity. Hence, the results obtained fro® this method are 
less conservative as compared to Popov’s method. In Popov’s 



metihodf w® bare assumed that nonlinearity passes through the 
origin and is single valued and continuous at the origin 1541. 
This Inherent approximation yields the results less satisfactory 
and more oonserYative. Birthermorey the condition on parameter 
also contributes to yielding the less accurete results. 

However, the analysis in frequency domain makes this method 
more attractive and straightforward. It mey be possible to use 
Popov's criterion extended for a class of nonlinearities which 
are discontinuous at the origin C821. fhis might give a more 
accurate information about the stability boundary, when applied 
to ^PPM systems. 

An attimipt has been made to give a comprehensive survey 
of literature including almost all the aspects of pulse frequency 
systems. A number of problems for future research have be«a 
mentioned. Besides its main application in control, emphasis has 
been laid on its wide scope in bio^medical engineering where 
sensory-organs of physiological systems generate pulse frequency 
modulated signals end transmit these signals through various 


nerve-fibres 


Refer enees 


Variable Frequency Stapling 

1 . H.l. Hufnagelt ^'inalysla of cyclic rate 8aiBpled~data feedback 
control ayeteffla," fran©. AIEE, Vol.T7f pp. 421-425| 


2* R»R* Hufnagelf ’’Analysia of aperiodioally sampled— data feedback 

control aysteras,*' Ph.D. dissertation, Corell University 
Ithaca, R.T.j 1959. 

5. R.I* Jury and F.J. Mullin, *'The analysis of sampled— data control 
ay a terns with a periodically time-varying sampling 
rate," IH. fransaotion on Automatic Control, 

Vol. AC-4, pp. 15-21 j So.1, May 1959. 

4. a.G. Dorf, M.G. Parren and C. A. Phillips, "Adaptive sampling- 

frequency for sampled-data control systems," IRl 
transactions on Automatic Control, Vol. AC-7, Jan. 1962. 

5. P.M. Will, "Variable frequmacy sampling," Correspondence, HE 

Trans, on Automatic Control, Oct. 1962. 

6. S.C. Oupta, "Adaptive gain and adaptive sampling sampled data 

control systOTJS^ presented at IEEE Winter General 
meeting. Hew York, Jan.27-Peb.1 , 1963. 

7. S.C. Gupta, "Increasing the sampling efficiency for a control 

systems" Correspondence, IEEE Trans, on Automatic 
control, July 1963, Vol. AC-8, pp.263-264. 

8. H. Tofflovio and G.A. Bekey, "Adaptive Sampling based on amplitude 

sensitivity," HIE Trans, on Autcmiatie Control 
(short paper) Vol.AC-11, pp. 282-284, April 1966. 

9. G.A. Bekey and R. Tomovic, "Sensitivity of disorete systems to 

variation of sampling interval." USE Trans, on 
Automatic Control (Short Paper), Vol.AC-1 1,pp.284- 
287, April 1966. 

10. P. Vidal and P. Iiaurent, "Asymptotic Stability of 8®aapled-data 

nonlinear syst^s with variable s^ipling periods - 
a bionio application," Presented at the 3z^ IPAC 
Congress Iiondon, 1966 (paper 30 o). 

11. D. Gisoato and L. Mariani, "On Increasing sampling efficiency 

by adaptive sampling," (Correspondence paper) IHE 
Trans, on Aut<xmatlc Control, Vol.ACf— 12, Ho. 3, 

June 1967f 



Motiration for Study of Systeias 
(a) neuron modellingt 

12. A.i. Hodgkin and A.f. Huksley* "A quantitetire description of 

nembrane currents and its application to conduction and 
excitation in nerve," Journal of Fhyslology, 117» 
pp. 500-544, March 1952. 

13* I**D. Hamon, "Artificial Heuron", Science 129, April 1959. 

14. M.H. Ooldstein, Jr., "A statistical model for inteirpreting 

neuroelectrio responses," Mo.1, March I960, 

Information and Control. 

15. Jones, et al., "Pulse modulation in physiological systems, 

phen<»t 0 nologioal aspects," HI Prana, on Bio-Medical 
Engineering, January 1961. 

16. F.f. Hiltz, "Analog computer simulation of a neural eluent," 

IHl frans. on Bio— Medical Engineering, January 1962* 

17. B.I. Jury and f. Pavlidla, "A literature surrey of bio-control 

systwas," HIE Pransaotion on Automatic Control, 

July 1963. 

18. P. Pavlidis, "A new model for single neural nets and its 

application in the design of a neural oscillator," 
Bulletin Math. Biophysics, Vol.27, June 1965. 

19. P.&. Oaumon, "A nmirm. modelling," M.S. Project, Ihiiversity of 

California at Bei^keley, June 1965. 

20. E.A. Xyubinskii end S.V. Poziw, "MMeliing informattcai prooes- 

aing by neurons," Automatic and f elemeohanic a, 7ol«26, 
Ho. 10, pp. 1746-1756, Oct. 1965, Moscow, B.S.S.t. 

21. J.S. Blanchard, "Pheory and applicaticaiB of pulse-frequency 

modulated systems", Ph.B. fhesia, Bepartmnat of 
Sleotrical Engineering, Oniverslty of California at 
Berkeley, Jenuary 1966. 

22. T, Pavlidis, "Design of n®iral nets with intermittmt respeose 

and certain other relevant studies," Bull. Math. lio- 
physios, Tol.28, 1966, pp.5t— 74. 

23. l.I. Jury and J.C, Blanchard, "Cto the neuron modelling," 

lleotronics Besearch lab., College of Jhigineering, 
University of California, B^keley, Mimio. llL-1172, 

Aug* If 1966* 



24. T. Paylldls, ’•Kie relati(»i between a certain olasa of abstract 
systeisa and aiodels for neural nets," (Correspondence 
paper), ?ol. AG-12, Ko.1, Feb. 1967. 


(b) Use of IfM in Adaptive Gontroli 

25. 0. Murphy and K.L. West, "The use of pulse— f re buensy modulation 
for adaptive control," Froceedings of HEC, Chicago, 111. 
701.18, pp.271-277, Oct.8, 1962. 

(c) Use of Fill in ibieremental Servos t 

26# S.J. Bailey, "Incremental Servos," Control Engineering, 

Jan. 1961. 

27. B*B* lieburtz, "The step motor - the next advance in control 

systems," January 1964, IEEE Trans, on Automatic 
control . 

28. R.C. Borf and T. Meng, "A time optimal pulse frequency 

modulated step motor servo syatmoa," Proc. Hatural 
Electrcmlos, Conf. (Chicago, 111. Oot. 1966). 


Classification of flM Systems, Methods of Stability Analysis and 
Optimization of HM Control Systems. 


29. A.B. Ross, "Theoretical study of pulse frequency modulation," 

Trans. IBS Tol.37, pp. 1277-1286, llov.1949. 

30. Y.I. Ihurgin, "A class of random Impulse processes," Radiote^hn, 

Electron 2, Ho.4, 1957. 

i 

31. K. Izawa, "Discontinuous feedback oonlirol systems with sampling 

action," First IFAC Congress Moscow, Russia, I960. 

32. G.C. M, "Integral pulse frequency modulated control systems," 

Ph.D. dissertation, Northwestern University, Evanstcm, 
111. June 1961. 

33. A. U. Meyer, "Pulse frequency modulation and its effects in 

feedback control system#, Ph.D. dissertaticn, 
Northwestern University, Evanston, 111., August 1961. 

34. H.W. J<m(M, C.C. hit, A.U. Meyer and S*B. Pinter, "Pulse lodula- 

ticm in physiological systems, phenommaological aspects," 
lESB Trans, Bio-Medical Ilectronics, 7ol.Mll-8,pp. 99-67, 
January 1961. 



OT 


35. R.W* Jones and G.C. M, "Integral Pulse frsQuenoy modulated 

control systems," Paper 417, 2nd Congress IFAC, 

Basle, August 1963. 

36. R.L. Parrankopf, A.l. Sabroff and P.C.Wheeler, "Integral Pulse 

Frequency on-off control," AIM 63-328, Aug. 1963. 

37. f. Parlidis, "Analysis end synthesis of Pm feedback syst^as," 

Ph.D, Thesis, University of Calif omia, Berkeley, 1964. 

38. T. Pavlidis, "Iquilibrium, ccmtrollabilAty and stability of 

SPfIS oQBtrol systems". Report Ho. 64-8, April 1964 
Hectronics Research liaboratorp, tJniv. of Galifomia, 
Berkeley, California. 

39. J.P.O* Clark, "An analysis of pulse-frequency modulated control 

systems", Ph.D. dissertation. University of Washington, 
Seattle, 1965. 

40. T. Pavlidis and E. I. Jury, "Analysis of a new class of pulse 

frequency modulated feedback systems", TiSRP Trans. 
Autc®atio Control, Vol. AG-10, pp. 35-43, Jan. 1965. 

41. A.U. Meyer, E. I. Jury and T. Pavlidis, Bisoussion of "Analysis 

of a mv class of pulse frequency modulated feedback 
syst^s," April 1965, Tol.AO-10, Ho. 2 IEEE Trans, 
on Automatic Control. 

42. J.C. Blanchard, "On the definitLon and analysis of pulse- 

frequency modulated syatims," Electronic Research 
laboratory, University of California, Berkeley, 
California Report 10.65-14. 

43* J.P.O. Clark and l.Hoges, "The stability of pulse-frequency 
modulated closed-loop control systems," 1966, ISE 
International Convention Record, ¥ol.14, Pt.6, 
pp. 179-185. 

44, Tu. H.Chekhovoy, "The dynamics of pulse systems with pulse 

frequency modulati(Mi, Accurate method of analysis," 
Automatio Control theory works of the Seminar, Ho.l, 
Haukova Bumak, Kiev, 1966. 

45, T, Pavlidis, "Stability of a class of discontinuous dynamical 

systems," Io,3, 1966. laformatitai end Control. 

46, T. Pavlidis, "Stabili^ of Systems described by differential 

equaticms containing impulses," Vol. AC-12, Ho.l, 

Feb. 1967, IBIB Trans* cm Autcmatio Control, 



47 • B. I* Jury aQ4 «f.G» Blanohardy "A nonlinear dlsore'fce systeyi 
e^uivalanoe of integral pulae frequency modulated 
control Byetems," Vol. AC-12, iro.4, August 1967, 
ms frana. on Autcoatic Control. 

48. H.A. Leuohs, ”A circuit design for a pulse frequency modulatoz^** 
M.S. S.B. thesis, UnlTersity of Massachusetts, Amherst, 
June 1967. 

49» S. Bombi and B.Ciscato, "A modified Integral pulse frequeacy 
modulator in control systemB** (Correspondence paper), 
7ol. AC-12, 1I0.6, pp.784-784, December 1967. 

50. V.M* SuntseTich and Vu.H. Oh^iiovoi, "Investigating Stability 

of pulsed control systems with pulse frequency modula- 
ti®a by the direct method of lyapunov," Io.2 ?eb.1967, 
Aut<»sation and Eemote Control. 

51. O.W. Derzhavin, "Block diagraas for pulse time modulators of 

type 1," No. 4, April 1967, Aut<»8ation and Remote Control. 

52. A. Kh.Gelig, "Stabilization of nonlinear syst^s with pulse- 

frequency modulation," No. 6, June 1967, Automation and 
R^ote Control. 

53. Yu. N. Ghekhovc^, "A form of stability of nonlinear pulse 

systems," No. 4, July-Aug. 1967 Engineering Cybernetics. 

54. 7. 1. Dymkov, "Absolute stability of pulse- frequency ^stmas," 

No.lO, October 1967, Automation and Remote Control. 

55. 7.1. Dymkov, "leriodic States in pulse-frequency systems," 

No. 11, November 1967, Automation and Eemote Control. 

56. R.C. Dorf and f.Idang, "A time optimal pulse frequency modulated 

step motor servo system," Free. Nat'l lleotronlcs Conf. 
(Chicago, 111. Oct. 1966). 

57. T. Favlidis, "Optimal Control of pulse- frequency modulated 

systOTsf HKE frana. Aut. Gcmferol* 7ol.AC-11, October 

1966 , 

58. S.Ctaysko and S.Soges, "Optimization of pulse- frequency 

modulated oontroL syst^s via modified maximum 
prlnolplef 7ol. AC— 13, Ho. 2, April 1968. 


Double Modulation 

59. jC-A. Halijak and J.S. fripp, "A deterministic study of delta 

modulation^ Oct. 1963, IB® frens. <ai Automatic Control 

60. Y.M. Kuntsevioh and Yu. I. Gh^hovoi, "Stability of Control 

syst^s with double (pulse frequency and pulse width) 
modulatlcHi," No. 7, July 1967, Automatltai and Remote 



61. L.B. Bardiszi and G.A. lekay, "Optlatlzatloii of dlaorete time 
aystffiis with ccmblned fflodulatlon,” IMBB frans. on 
Auteaatlc Control t June 1968, 7ol. AC-13* Bo. 3. 


StatistloaX Study of Bulse-freQuency Modulation 


62. T.W. lee, "Statistioal theory of coBBJuntcation," pp. 240-248, 
Wiley, lew Tork (I960), 

63 • S.C. Oupta and E.I. Jury, "Statistioal study of pulse-width 

modulated control systras," 1962, Journal of franklin 
Institute, 273, pp. 292-321. 

64. O.A.2. Itoneman, "Statistical properties of random pulse 

trains," 1966, I8EE International Convention Record 
14, ft. 6, pp. 167-172. 

65. O.A.Z. Leneman, "landcm Sampling of random processes: Optimal 

linear interpolation," 1966, Journal of fr a n kli n 
Institute 281, pp. 302-314. 

66. O.A.Z. Leneman, "landcmi sampling of rand go processes: Impulse 

processes^" Ro.4t June 1966, Information and Control. 

67. f.J. Beutler and O.A.Z. Leneman, "Random sampling of random | 

processes: Stationary point processes," Ro.4, Aug. 1966, 
Information and Control. 

68. O.A.Z. Lenoman and J.B. Lewis, "Randcmi sampling of randoa 

processes: lean square comparasion of various interpo- | 
lators," IlffiR frans. on Automatic Control, Tol .AC-11, 

Kp. 396-403, July 1966. 

69. Y.T. Chon, "fhe effect of pulse frequmaoy modulation on rendom | 

inputs," l.S-. R.l. fhesls, University of Masssolmsetts, | 
/daherst. Mass. Sept. 1967. 

70. Bombi and D. Ciscato, "Boise effects in Integral pulse fre<»iencyl 

modulators,” Sutaaitted to the If AO fulse Symposium, 
Bidapest, Hungary, April 1968. 

71. 0.1. Hutchinson and Y.T. Chon, "The effect of pulse frequency 

modulation on noise," Vol. AC-12, Bo.5, Oct. 1967, 
(Correspondence paper) IBH Trans, on Aut<mmttio Oonlapol. 



Heconstructloja of Continuous Signals 

72. P.A. fransssek and B. Mu, "Optifflum recovsiy of a continuous 

signal frcm periodically nonunifonaly spaced samples,” 
Proc. IEEE Symp. on Signal franamission Processing 
(May 1965), pp. 102-1 07. 

73. ’’On sampled data systaas with cyclically varying rates,” 

Journal of Pranklin Institute, Yol.283» Peb. 1967, 
pp. 102-117. 

74. B. Mu and P.A. Pranaszek, “Sampling with periodically varying 

rates,” IEEE Trans, on Autcmatio Control, Peb. 1968, 
Vol. AC-13, Ho.1. 

75. "Error free recovery of signals frc® irregularly spaced samples 

Society of Industrial and Applied Mathematics Rev. 

Some general references (m nonlinear i^mpled data systems 

76. R.E. Kalman, "lonlinear aspects of sampled-data control systems 

Proc. Symp. on nonlinear circuit analysis, Brooklyn 
Polyteohnique Institute, M.Y., April 1956, pp. 272-31 3. 

77. J. Basalle and S. Irefsohetz, "Stability by Mapunov's direct 

method with applications,” Academic Press Hew York, 1961 

78. S.Lefschetz, "Stability of nonlinear control syst^s,” 1965, 

Aeademio Press, H.Y. 

79. M.A. Aizerman and P.l. Cantmaoher, "Absolute Stability of 

regulator aystoais,” Holden-day, Ino. San Prancisoo, 
1964. 

80. Y.A. Yakubovich, "Method of matrix inequalities in the theory 

of the stability of nonlinear controlled systems III 
absolute stability with hysteresis ncmlinearlties," 
Automation and Hamate Control, 26, Ho. 5, 1965. 

81 . Mias P. Oyftopoulos, "Stability criteria for a class of 

nonlinear systems," Information and Control 6, 
pp. 276-296 (1963). 

82. A.Kh. Oelig, "Investigation of Stability of Honlinear Bis- 

oontinuous Aut<Miiatic Control Systmas with a nonunique 
equilibrium state," Automatical and Remote Control. 

Vol. 25, Ho.2, Aug. 1964. 



